Electrons in graphene aligned with hexagonal boron nitride are modelled by Dirac fermions in a correlated random-mass landscape subject to a scalar-and vector-potential disorder. We find that the system is insulating for the best possible lattice alignment since average mass deviates from zero. For a non-perfect alignment, the mean mass is vanishing and electronic conduction is described by a critical percolation along zero-mass lines. In this case graphene at the Dirac point is in a critical state with the conductivity √ 3e 2 /h. In misaligned phase the system becomes a symplectic metal.
1
1 Radboud University Nijmegen, Institute for Molecules and Materials, NL-6525 AJ Nijmegen, The Netherlands Electrons in graphene aligned with hexagonal boron nitride are modelled by Dirac fermions in a correlated random-mass landscape subject to a scalar-and vector-potential disorder. We find that the system is insulating for the best possible lattice alignment since average mass deviates from zero. For a non-perfect alignment, the mean mass is vanishing and electronic conduction is described by a critical percolation along zero-mass lines. In this case graphene at the Dirac point is in a critical state with the conductivity √ 3e 2 /h. In misaligned phase the system becomes a symplectic metal. Several years of intense development singled out hexagonal form of boron nitride (hBN) as an unique insulating substrate for graphene [1] (for review, see Refs. 2, 3) . High values of electron mobility in graphene on hBN [1] , exceeding those in suspended samples at room temperature [4] , are now routinely achievable in a lab paving the way to a variety of high-quality graphene devices [2, 3, 5] . Furthermore, 1.8% difference in atomic spacing in hBN and graphene is instrumental for designing heterostructures with highly pronounced moiré pattern [6] [7] [8] [9] [10] . The best possible alignment of graphene and hBN crystals gives rise to patterns with the period as large as 18 nm. Measurements of the quantum Hall effect on such samples provide impressive experimental realisation of "Hofstadter butterfly" physics [7] [8] [9] .
In this Letter we focus on yet another remarkable phenomenon, a dramatic change in electron conductivity in high-quality graphene-hBN heterostructures. Insulating behaviour is observed in samples with exceptionally good alignment between hBN and graphene lattices, while semimetal state with the conductivity of the order of e 2 /h is realised in slightly misaligned samples [10] . We argue below that the transition between insulating and conducting states is governed by zero-mode classical percolation for Dirac fermions in a correlated random-mass landscape.
Recent ab initio studies provide us with a valuable insight on microscopic properties of graphene-hBN heterostructures [11, 12] . The first principle calculations of binding energies [11] show that the atomic lattice of graphene tends to be stretched to become commensurable with that of hBN. The energy gained by bonding commensurability is, however, insufficient to fully offset the energy costs of stretching. Thus, the pronounced moiré pattern observed in the best aligned graphene-hBN samples is the result of a complex distortion of graphene lattice that takes a form of a hexagonal superstructure depicted symbolically in Fig. 1 . The centres of such moiré hexagons are the areas where graphene and hBN lattices match, while the "bonds" of the superstructure correspond to a complete lattice mismatch. This picture is indeed supported by local probe microscopy [10] . Since the electron mobility is very high we expect that the concentration of atomic impurities in graphene is very small and the lattice distortion induced by proximity to the hBN is smooth on atomic scales. Under these conditions the inter-valley scattering can be ignored and the charge transport in graphene at zero temperature can be described by the Dirac Hamiltonian,
where v ≈ 10 6 m/s is the Fermi velocity, while V (r) and A(r) are disorder potentials due to lattice distortion. The Pauli matrices σ = (σ x , σ y ) and σ z act in the sub-lattice space, while the Pauli matrix τ z acts in the valley space (for a general introduction to the Dirac fermion physics in graphene, see Refs. 13, 14) .
In the absence of moiré pattern, i.e. for fully commensurate lattices, the density functional analysis predicts the opening of a noticeable band gap in graphene on hBN [11] . More accurate GW calculations [12] give the gap values, ∆ ∼ 300 meV. The enhancement of the gap due to electron-electron interactions has been also discussed qualitatively in Ref. 15 . The moiré pattern makes such a gap position dependent. In the effective model (1) it is described by smoothly varying "mass" of Dirac fermions, m(r), which represents the staggered sub-lattice potential in the corresponding tight-binding model. We characterise this potential with three quantities: the average "mass" m , the amplitude ∆, and the period of moiré pattern ξ.
Another important information, which can be extracted from recent ab initio simulations [12] , is that the average mass deviates from zero in the best samples with ξ 10 nm, while it vanishes with great precision in samples where the angle φ between graphene and hBN lattices exceeds φ ≈ 1°(or ξ 10 nm).
The decisive role of the average mass for conduction is well documented for the model (1) with short-range correlated random mass potential [16] [17] [18] [19] [20] [21] . Indeed, the model with fully random V , A and m belongs to the quantum Hall symmetry class A [22] . At the Dirac point such system is known to have two insulating phases for m > 0 and for m < 0 with the quantum-Hall critical state at m = 0. Zero-temperature conductivity in the critical state flows to σ xx ∼ 0.57 × 4e
2 /h in the thermodynamic limit [19, 23] . If the amplitudes of V and A are negligible, the system belongs to the class D (without a thermal-metal phase [20] ) and has essentially the same conduction properties as in the class A. Its behaviour at criticality, m = 0, is, however, somewhat different. The mass term becomes irrelevant and the conductivity of the system flows to 4e 2 /πh [19] . It is not a priori clear whether the general results obtained in the theory of disordered systems apply to the case of sufficiently good lattice alignment between graphene and hBN since, in the latter case, the mass term is not entirely random and strongly correlates with the moiré pattern. To describe the system we assume that the mass potential takes on the value ∆ inside moiré hexagons. The sign of the mass depends, however, on the type of local stacking configuration within the hexagon. This sign is considered positive (in one of the valleys) with the probability p and negative with the probability 1 − p. Depending on the sign one can mark the moiré hexagons with two colours as shown in Fig. 1 . In case of good lattice alignment the amplitude ∆ is much larger than the fluctuations of the potentials V and A. Therefore, Dirac electrons near charge neutrality are confined at zero temperature to the lines of zero mass, which are simply the boundaries between the domains of different colour in Fig. 1 . It is, therefore, instructive to study the conductance of such lines.
The physical time-reversal symmetry of the Hamiltonian (1) dictates that the mass is opposite in two valleys. However, the mass term violates time-reversal symmetry in the single-valley Dirac Hamiltonian acting as an effective magnetic field. In particular, for |ε| < |m|, the Hall conductivity in one of the valleys reads σ xy = (2e 2 /h) sign(m)/2 [16, 18, 19] . The integer quantum Hall phase transition at zero mass corresponds to a jump in σ xy of the size of the conductance quantum. Thus, the zero-mass line can be viewed as the boundary between insulators with Chern numbers different by one and has to contain exactly one topologically protected chiral channel [24, 25] . The chiral electron propagates along the boundary in one direction in one valley but in the opposite direction in the other valley independent of the potentials V and A. The conductance of such chiral channel at the Dirac point equals 2e
2 /h, where 2 is due to the spin degeneracy. The topological protection of the chiral mode can be destroyed either by the inter-valley scattering, which we disregard, or by the tunnelling into a neighbouring zero-mass line in the same valley. The latter process is negligible in the limit ξ∆/ v ≫ 1 (provided potentials V and A are much smaller than ∆). For ∆ = 300 meV, one estimates v/∆ ≈ 2.2 nm.
For a sake of an illustration let us briefly consider a single zero-mass line in the model (1), which goes from one edge of the sample to another. Since the line is self-avoiding one can always introduce a conformal mapping which maps such a line into a straight one. The corresponding transformation is known to conserve the form of the Dirac Hamiltonian (1) [16, 24, 26] . Let us, therefore, consider the transformed model where zeromass line is directed along the x-axis and m = sy with a constant positive s. We also disregard disorder potentials (V = 0, A = 0) and calculate the Landauer conductance of the line using Pichard formula [27] , The Dirac equation in one of the valleys, HΨ = εΨ, can be rewritten as the evolution equation on the transfer matrix in a rotated basis Φ = LΨ as,
where L = (σ x + σ z )/ √ 2, q is the momentum in y direction and m = i s∂ q is the y-coordinate operator. Then, the calculation of the transfer matrix T = T (L line ) boils down to the rotation in q space, which is identical to the use of Landau-level-like basis Φ ± n ,
where |n is the eigenstate of an oscillator, n = 1, 2, 3, . . . . The operator M = vqσ x + sσ y ∂ q acting on the basis states Φ ± n yields M Φ ± n = ±λ n Φ ± n , where λ n = 2 vs|n|. We also defined p n,x = sign(n) ε 2 − λ 2 n . It is evident from Eq. 3 that the zeroth mode, n = 0, is the chiral state. Indeed, the current operator in x direction, σ x , transforms in rotated basis to L † σ x L = σ z . The expectation value of the current in the zeroth mode equals to Φ † 0 σ z Φ 0 = −1, which means that Φ 0 is the chiral state travelling to the left. For negative s (or in the other valley) the corresponding state has the form (|0 , 0) and travels to the right. For other states with n = 0, the transfer matrix is reduced in the Landau basis to T = diag{T n } with T n = exp((λ n σ x + iσ z ε)L line ), hence the total conductance of the line is given by
In the limit of vanishing mass, one finds λ n = q and restores a similar result obtained previously for ballistic graphene [28, 29] . It is evident from Eq. (4) that for any ε < λ 1 one finds G L = 2e 2 /h for sufficiently long zero-mass line, L line ≫ v/λ 1 . In Fig. 2 we illustrate the result of Eq. (4) for different values of the Fermi energy ε. It can be seen that the contribution of the second propagating channel, for ε > λ 1 , reveals pronounced Fabri-Perót resonances at p 1,x L line = πn due to quantum interference from the edges of the line. Similarly, in the presence of disorder all modes with n = 0 are subject to destructive interference, which leads to Anderson localisation in non-chiral channels. Thus, the conductance of sufficiently long zero-mass line equals precisely 2e
2 /h in a range of energies near ε = 0. We should also stress that chiral states are absent in closed loops (vortices) [20] because periodic boundary condition with the Berry phase π cannot be fulfilled for the state Φ 0 due to the absence of dynamic phase.
We have argued that topological protection of the zeromode conductance guarantees that G L = 2e
2 /h for a single line. If quantum tunnelling between the lines of opposite chirality is absent, the average conductivity of the sample can be inferred from the statistical analysis of boundaries of the classical percolation cluster in Fig. 1 . In particular, the two-terminal conductivity at the Dirac point is given by
where W and L is the width and the length of a rectangular graphene sample, respectively, and N line stands for the the average number of zero-mode lines connecting sample edges at x = 0 and x = L (the leads). The conductivity (5) must approach the actual 2D conductivity of the system in the limit W ≫ L. Percolation problem for a lattice of randomly coloured hexagons is very well studied. It is well known that the probability of having an infinite cluster of same colour hexagons is vanishing unless p = 1/2 [30] . The critical percolation at p = 1/2, which corresponds to m = 0, is universal in thermodynamic limit. A number of exact results for the critical percolation have been obtained by means of the conformal field theory [30] [31] [32] . More recently the stochastic approach known as the SchrammLoewner evolution (SLE) have been developed as a mathematically rigorous alternative to tackle the problem [33] . In this formulation a zero-mass line at the cluster boundary is viewed as a random walk. The statistical properties of such a walk at p = 1/2 yield the stochastic evolution in the class SLE 6 [34] [35] [36] . For instance, it can be rigorously proven that the line connecting the leads has a fractal dimension 7/4, instead of 2 as for Brownian motion, which means L line ∝ L(L/ξ) 3/4 in the limit L ≫ ξ. One of the seminal Cardy formulas [30] provides a universal expression for the mean number of independent percolation clusters N c connecting two arbitrary arcs in the complex plane. This number is determined by a single parameter which encodes the shape of the arcs. For rectangular geometry, the arcs are given by the samplelead interfaces. In the limit W ≫ L the number of percolating lines is twice larger than the number of clusters in the leading order in W/L. In this case the Cardy formula gives N line = 2 N c = √ 3W/2L. We illustrate this result with straightforward numerical simulations in Fig. 3 for a sample with periodic boundary conditions in y direction. Interestingly, it can be conjectured on the basis of numerical simulations that the number N line does not depend on the aspect ratio in the case of periodic boundary conditions in y direction in contrast to the case of open boundary conditions. We also find that the distribution of the line lengths is log-normal and
where c ≈ 0.7. Away from p = 1/2, the average number of lines between the leads for W ≫ L is very well fitted by the Gaussian law
where p 0 = c(ξ ′ /L) 3/4 with c ≈ 0.7 (see Fig. 3 ). Critical percolation, p = 1/2, corresponds to a system with m = 0, moreover, p − 1/2 ∝ m /∆. Thus, insulating behaviour for ξ > 10 nm observed in Ref. 10 can be explained by a critical deviation of the mean mass from zero due to the energetic preference of a certain stacking configuration inside moiré hexagons [12] . Already for a slight misalighnment between graphene and hBN such that ξ < 10 nm the mean mass is negligible, while the amplitude ∆ remains large [12] . In this regime we can expect a critical state with p = 1/2, which is characterised by the conductivity σ ≈ √ 3e 2 /h. Fully misaligned samples correspond to m ≪ V , since moiré pattern is completely broken. In this case the system at ε = 0 has a tendency to flow towards the symplectic metal due to the leading role of the scalar potential V induced by tensions [17, 37] .
The results of Eqs. (6,7) are equivalent to those obtained in the classical percolation model of quantum Hall transition [38, 39] and can be expected for a critical 2D percolation on any lattice [30] [31] [32] [34] [35] [36] . It is understood that quantum tunnelling always plays an important role at large scales where full quantum consideration is necessary. In our case such tunnelling is facilitated by a finite V and A potentials which drive our system in the thermodynamic limit from the classical percolation regime (5,7) to quantum Hall critical point. This limit may not be of practical importance, though, since the sample size of highly aligned graphene on hBN is technologically restricted to few microns hence L/ξ ∼ 1000 in experiment.
One can, nevertheless, ask whether the classical percolation model constructed above can be applied to an infinite system provided V = 0, A = 0 and ξ∆/ v ≫ 1, i.e. in graphene with long-range correlated random mass potential (class D). At first glance quantum tunnelling between the lines of opposite chirality is anyway possible, hence the conductivity for m = 0 must eventually flow to 4e
2 /πh in the thermodynamic limit [19] . We have to remember, however, that in this particular model, there exist no vortices, i.e. no chiral states in closed zero-mass lines [20, 26] . Thus, the spectrum inside such loops is also gapped E = λ 2 n + p 2 with the gap value λ 1 ∼ v∆/ξ. The condition λ 1 ≫ v/ξ guaranties that the loops contain no states in a large vicinity of zero energy. Incidentally, this condition is equivalent to ξ∆/ v ≫ 1. Thus, all states in our model are gapped apart from few chiral states (one per sample square measured in hexagons) which correspond to zero-mass lines connecting the leads. The average distance between such open percolating lines scales linearly with the system size, while the number of tunnel junctions, where the lines of opposite chirality come close to each other, does not. This makes us conclude that the conductivity in the thermodynamic limit is determined by the classical percolation (6, 7) . We note that the lack of vortices is also believed to be responsible for the absence of the thermal-metal phase in graphene with a random mass [20] .
In conclusion we present a scenario for the metalinsulator transition in graphene on hBN which accompanies the commensurate-incommensurate structural transition observed in recent experiments [10] . We find that the charge transport on intermediate length scales is governed by a classical random walk model for zero mass lines on the honeycomb moiré lattice. Small lattice misalighnment corresponds to a critical-metal state with the conductivity σ ≈ √ 3e 2 /h. We also argue that the absence of vortices may drive graphene with strongly correlated random mass potential into a new phase which is fully described by the classical percolation model.
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